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COCENTERS AND REPRESENTATIONS OF AFFINE 
0-HECKE ALGEBRAS 


XUHUA HE AND SIAN NIE 

Abstract. In this paper, we study the relation between the co¬ 
center Jf 0 and the finite dimensional representations of an affine 
O-Hecke algebra Jf 0 . As a consequence, we obtain a new criterion 
on the supersingular modules: a (virtual) module of Jfo is supersin¬ 
gular if and only if its character vanishes on the non-supersingular 
part of !Kq. 


Introduction 

0 . 1 . Extended affine Hecke algebras “K q are deformations of the group 
algebras of extended affine Weyl groups W (with the parameter func- 
tioin q). They play an important role in the study of representations 
of p-adic groups G. 

For complex representations, Borel correspondence relates the rep¬ 
resentation of G with Iwahori fixed points to representations of J~C q , 
where q is a power of the prime number p. 

For representations in characteristic p (the defining characteristic), 
Vigneras [17] relates the representations of G with representations of 
affine O-Hecke algebras !Ko and its generalization, pro-p Iwahori-Hecke 
algebras. 

0 . 2 . By the work of Kazhdan-Lusztig [11] and Reeder [15], the simple 
modules of J~C q (for q nonzero and not a root of unity) are parameterized 
by the triple (s, u, 0), where s is a semisimple element in the dual group 
G v , u is a unipotent element in G v with sus^ 1 = u q and 0 is a local 
system of Springer type. 

The classification of simple modules of CHTo, on the other hand, looks 
quite different. Abe [1] gave a classification of mod-p representations 
in terms of parabolic inductions of simple supersingular modules. 01- 
livier [14] and Vigneras [20] classified all simple supersingular modules 
in terms of supersingular characters. The proof uses Bernstein presen¬ 
tation [18] and Satake-type isomorphism [19]. 


Key words and phrases, affine Coxeter groups, O-Hecke algebras, Conjugacy 
classes. 
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0.3. In this paper, we study the cocenter TC 0 of ff£ 0 and the trace map 
Tr : TC 0 —> -R(3ho)k induced from the natural trace pairing between the 
cocenter TCo and the Grothendieck group i?(!Ko)k of finite dimensional 
representations of dC 0 over an arbitrary algebraically closed field k. We 
then use the trace map to give a basis of i?(TC 0 ). As a consequence, we 
give a new proof of the classification of simple supersingular modules 
of 0-Co. 


In the rest of the introduction, we explain our main results and 
compare them with results for “K q . For simplicity, we only state the 
results for the case that IF is an affine Weyl group. In the body of the 
paper, we tackle the general case. 

0.4. The affine O-Hecke algebra “Kq has a standard Z-basis {Tw]w G 
IF} subject to quadratic relations and braid relations. For the cocenter 
ff£ 0 , we have the following basis Theorem. 

Theorem 0.1. The set {IT; E G Cyc{W m \ n )} forms a Th-basis ofK 0 . 

Here IF m i n is the set of elements in the affine Weyl group IF that are 
of minimal lengths in their conjugacy classes and Cyc(kF min ) is the set 
of cyclic-shift classes in W m \ n (defined in §2.1). The element T s is the 

image of T# in dfo for some, or equivalently, any wgE. 

This result is obtained using some nice properties of W min established 
in [9] and an idea in [7] for finite O-Hecke algebras. 

It is interesting to compare the cocenter of fK 0 with that of J~C g for 
q 7 ^ 0. For the latter one, a similar result is obtained in [9] (for equal 
parameter case) and [3] (for general case). For !K q , the cocenter has a 
basis indexed by the set of “strongly conjugacy classes” of IFmin, which 
is in natural Injection with the set of conjugacy classes of IF. 

0.5. Now we move to the trace map Tr : TC 0 —* i?(TC 0 )^ and discuss 
its application on representations of 34 0 . 

Using parabolic induction and the basis Theorem for the cocenter, 
we can essentially reduce the study of the trace map to the study of 
the trace map for the O-Hecke algebras of parahoric subgroups. Notice 
that the O-Hecke algebra of a parahoric subgroup is a finite O-Hecke 
algebra, whose simple modules have been classified in [12], We have 

Theorem 0.2. The set (J, F) G tt/ ~, y G flj(r) v } is a 2,-basis 

ofR(% o)k- 

Here n jr, x is, roughly speaking, an TC 0 -module induced from certain 
simple module of the parabolic subalgebra TC j 0 , which is indexed by 
the character y and the parahoric subalgebra of TCj 0 of type T. We 
refer to §4.2 for the precise definition. 
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0.6. By combining Theorem 0.2 with the character formula (Theorem 
4.4), we obtain in Proposition 5.4 a new proof of the classification of 
simple supersingular modules. We also obtain the following criterion 
of supersingular modules. 

Theorem 0.3. An element n G i?(D4 0 ) k is supersingular if and only if 
Tr(h, 7r) = 0 for all h G fK 0 

——nss 

Here fK 0 is the non-supersingular part of the cocenter, defined as 
the subspace of fK 0 spanned by T s and 'T s , where E is not contained in 
any proper parahoric group of W and i is an involution of IKo defined 
in §1.3. 

0.7. Again, it is interesting to compare the above results on i?(fK 0 )k 
to the results on i?(lK 9 )c for generic q ^ 0. 

The trace pairing Tr : "K q —> R(J~C g )if and the cocenter-representation 
duality for JC q are studied in [3]. Using the parabolic induction, we are 
reduced to study the trace pairing between the so-called rigid cocen¬ 
ter and the rigid modules. Here the rigid cocenter is the subspace of 
J~C q spanned by the images all proper parahoric subalgebras. The rigid 
modules are constructed using Lusztig’s reduction theorem from affine 
Hecke algebras to graded affine Hecke algebras, and Springer represen¬ 
tations for the finite Weyl group in the corresponding graded affine 
Hecke algebras. It is proved in [3, Theorem 1.1] that such pairing is 
perfect. 

For J~C o, as we have seen above, the situation is different. What ap¬ 
pears in this situation is not the representations of finite Weyl groups 
(or equivalently, the finite Hecke algebras with generic parameters), 
but that of the finite O-Hecke algebra instead. This provides an inter¬ 
pretation for the difference between the representation theory of J~C q for 
q jtz 0 and that of TCo- 

0.8. The paper is organized as follows. 

In section 1, we recall the definition of affine O-Hecke algebras, par¬ 
abolic algebras, and trace maps. In section 2, we describe the cocen¬ 
ters of extended affine O-Hecke algebras. In section 3, we introduce 
the standard pairs and use them to compute the characters of TC 0 - 
modules. In section 4, we construct some finite-dimensional modules 
and provide some character formulas. In section 5, we give a basis of 
the Grothendieck group of finite dimensional modules and study rigid 
and supersingular modules. 

1. Preliminary 

1.1. Let 91 = (Xf R,Y, R w , F 0 ) be a based root datum, where A" and 
Y are free abelian groups of finite rank together with a perfect pairing 
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(,) : X x Y —* Z, R C X is the set of roots, i? v C Y is the set of 
coroots and F 0 C R is the set of simple roots. Let a a v be the 
natural Injection from R to i? v such that (a, a w ) = 2. For a G R, 
we denote by s a : X —> X the corresponding reflections stabilizing 
R. Let R + C R be the set of positive roots determined by F 0 . Let 
A" + = {A G X] (A,a v ) ^ 0, Va e i? + }. For any v G Aq , we set 
J v = {a G F 0 ; (v,a v ) = 0}. For any J C F 0l we set X + (J ) = {A G 
X+-, J\ = J}. 

1.2. Let W 0 be the (finite) Weyl group generated by the set of simple 
reflections S 0 = {s a ; a G F 0 }. 

Let W a ff = Z R xi Wq be the affine Weyl group and S a ff D So be the 
set of simple reflections in W a ff. Then (W a ff, S a ff ) is a Coxeter group. 
Let W — A" xi W 0 be the extended affine Weyl group. Then W a ff is a 
subgroup of W. For A G X, we denote by t x G W the corresponding 
translation element. 

Let V = X M. For a G R and k G Z, set 

H a ,k = {v G V; (v , a v ) = /c}. 

Let Sj = { H a k ; a G k G Z}. Connected components of V — 
are called alcoves. Let 

C o = {tiGb;0< (v , a v ) < 1, Va G 1? + } 

be the fundamental alcove. We may regard W a ff and W as subgroups 
of affine transformations of V, where t x acts by translation t)i-H) + A 
on V. The actions of W a ff and W on V preserve the set of alcoves. 

For any w G W, we denote by £(w) the number of hyperplanes in 
fj separating Co from wCq. Then W = W- A f / xi 12, where 12 = {in G 
W;£(w) = 0} is the subgroup of W stabilizing fundamental alcove C 0 . 
The conjugation action of 12 on W preserves the set SA// of simple 
reflections in bF a //. 

For any x G bF a // and any r G 12, we define 

supper) = U iGN r*(supp(a;))r _ L 

Here supp(a;) is the set of simple reflections that appear in some (or 
equivalently, any) reduced expression of x. 

1.3. The (generic) Hecke algebra “Kg associated to the extended affine 
Weyl group W is an associative Z[</]-algebra with basis {Tyj]w G W} 
subject to the following relations 

TxTy — Txy, if e{x) + £(y) = e(xy)] 

(T s + 1)(T S — q) = 0, for s G S aff . 

If we set q — 0, then the second relation becomes T s 2 = — T s and the 
Z-algebra we obtain is called the (affine) 0-Hecke algebra associated to 
W. We denote it by fK 0 . 
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By [17, Corollary 2], the map I b ha := {—qY^T^ gives an 
involution i of !K q . We still denoted by i the induced involution of TC 0 . 

1.4. Let [ChC 0 , dfo] be the commutator of D4 0 , the Z-submodulc spanned 
by [Tx, Ty] := T.^Ty - TyT : \ for x,y eW. Let TC 0 = df 0 /[!Ko, TC 0 ] be the 
cocenter of !K 0 . Denote by i?(df 0 )k the Grothendieck group of finite 
dimensional representations of J£o over an arbitrary algebraically closed 
field k. Consider the trace map 

Tr : TC 0 -A R(X 0 )Z, h i-A- (V ha Tr(h, V)). 

Similar map for generic q G C x and k = C is studied in the joint 
work of Ciubotaru and the first-named author [3], in which case the 
trace map is injective and there is a “perfect pairing” between the 
rigid-cocenter and rigid-representations of ‘Kg. 

For q = 0, the situation is different. The map is not injective. How¬ 
ever, there is still a nice pairing between cocenter and representations. 

1.5. Now we introduce parabolic subalgebras. 

For any J C F 0 , we denote by Rj the set of roots spanned by J 
and set Rj = {a v ; a G Rjj. Let 91 j = (X, Rj, Y, Rj, J ) be the based 
root datum corresponding to J. Let Wj C W 0 and Wj = X xi Wj be 
the Weyl group and the extended affine Weyl group of 91 j respectively. 
We say w G Wj is J-positive if w G t x Wj for some A G X such that 
(A,«) ^ 0 for a G R + \ Rj. Denote by Wj the set of J-positive 
elements, which is a submonoid of Wj, see [2, Section 6] and [16, 11.4], 

We set Sjj = {H at k G ft; a G Rj,k G Z} and Cj — {v G H;0 < 
(v,a w ) < l,a G Rj}- For any w G IF j, we denote by £j(w) the 
number of hyperplanes in S)j separating Cj from wCj. 

Let ‘Kjfl be the affine 0-Hecke algebra associated to 91j with standard 
basis T’~ for w G Wj. Let be the subalgebra of 9£j i0 spanned by 
Ti for w G Wj. We have a natural embedding 

> TCo, i y Tyj- 

Notice that this embedding does not extend to an algebra homomor¬ 
phism “Kj t o -A- 9£o since T’{ for A G X + (J) is invertible in Jfjo, but T t \ 
is not invertible in 9f 0 unless J = F 0 . 

Let ( Wj) a fj = ZRj xi Wj and J a // D J the set of simple reflections of 
(Wj) a// . Then Wj = ( Wj) aff x Qj, where Dj = {w G Wj ; £j(w) = 0}. 
We denote by 9fj i0 the 0-Hecke algebra associated to (IFjja/y. 

We denote by W J (resp. J W ) the set of minimal coset representatives 
in W/Wj (resp. Wj \ W). For J, K C F 0 , we simply write W J D K W 
as K W J . We dehne J lTo, W ( / and j Wq in a similar way. 
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2. Cocenter of dC 0 

2.1. For w,w' G W and s G S a ff, we write w A w' if w' — sws 
and £{w') ^ £(w). We write w —> w' if there exists a sequence w = 
Wo, w i, • • • , w n — w' of elements in W such that for any k, Wk-i Wk 
for some Sk G S a ff. We write w&w' if there exists r G fl such that 
w -A tw't~ 1 and tw't ^ 1 — > w and we say that w and w' are in the 
same cyclic-shift class. 

Note that a; is an equivalence relation. Let cl(W) be the set of 
conjugacy classes of W. For any 0 G cl{W), let 0 m i n be the set of 
minimal length elements in 0. Since is compatible with the length 
function, 0 min is a union of cyclic-shift classes. 

Let W m \„ = U 0ec ;(w)O min and Cyc(W min ) the set of cyclic-shift classes 


2.2. Now we introduce a partial order on Cyc(bF m i n ). 

Let w G W and E G Cyc(W m i n ). We write E ^ w if there exists 
w'gE such that w' ^ w. 

For E, S' G Cyc(W min ), we write S' ■< E if S' -< w for some w G E. 
By [4, Corollary 4.6], E' ■< E if and only if E' ■< w for any w G E. In 
particular, -< is transitive, which defines a partial order on Cyc(IF m i n ). 
We have the following result. 


Proposition 2.1. Let w G W. Then 

(1) The set {E G Cyc(W m i n );E ■< w} contains a unique maximal 
element E^. 

(2) Let s G S a ff such that w —> sws. Then 


S,7, 


^sws, if £(sws) = £(w); 
E stS , if £(sws) < £(w). 


A similar statement is proved in [7, Proposition 6.2 (1)] for finite 
Weyl groups. The same proof also works for extended affine Weyl 
groups. 


We also have the following result, which follows directly from the 
definition of E^. 

Lemma 2.2. Let w G W and tgO. Then E^ = E t ^, t ^i. 

2.3. By definition, if w^w', then the images of Ty, and T^ in “Kq are 
the same. In particular, for any E G Cyc(IF min ), we denote by T s the 

image of Ty, in !K 0 for any w G E. We also denote by ^(E) the length 
of any element in E. 

Similar to the proof of [7, Proposition 6.2 (2)], we have that 
Proposition 2.3. Let w G W. Then the image of Ty, in TC 0 equals 
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We also need the following observation on the commutator of “Kq. 

Lemma 2.4. The Z-module [Jf 0 , df 0 ] is spanned by [70, T x ] for w E W 
and x E S a ff U hi. 


Proof. Let [3h 0 , Ddo]' be the submodule of [CHT 0 , CHT 0 ] spanned by [70, T x \ 
for x E S&ff U hi. It suffices to show that [70 , 70/] G [fh€ 0 , TCo]' f° r any 
w, w' G W. 

We argue by induction on £{w'). If £(w') = 0, then it follows by 
definition. Let k ^ 1. Suppose that [70, 70] G [CHT 0 , fLCo]' for any u with 
£(u) < k. Let s G S a ff with sw' < w'. Then 


[ Tw , Tu , i ] — [7070, T S w >] + [70^/70,70 


By inductive hypothesis, [70, T v y] G [TCojTCo]'. 


□ 


2.4. Now we prove Theorem 0.1. 

Let M be the free Z-modulc with basis {[E]; E G Cyc(W min )}. Deffiie 
a Z-linear map 

0 : -A M, 70 (_i)d-)-dW)[ S ^_ 

Let w G W and s G 50//. We show that 
(a) [70,70] G ker if. 

It w < ws and w < sw, then £(wa) = £(sw) and [70, T s \ = 70. s — T s ,j } . 

By Proposition 2.1 (2), = E^ and 0([70, 70]) = (-1 ) £ ( u, )+ 1 -^( e *«)(E* s - 

^SVj) = 0 . 

If ws, sw < w, then [70 , T s \ = 0 G ker if. 

If sw < w < ws, then [70, 70] = 70 s + 70. By Proposition 2.1(2), 

= E* and0([70,70]) = (_i)d-)+i-dW s ) E ^ + (_ 1 )d-)^(W) St . = 

0. 

If ws < w < sw, then [Tyj, T s \ = —70—70^ and by Proposition 2.1(2), 

= S s .ri, and0([70,70]) = (-ip)+i^) Efi + ( - 1) ^)+^(=.)E rtD = 

0. 

Thus (a) is proved. 

By Lemma 2.2, [Ty,, T t \ g ker0 for any w G W and r G O. Thanks 

to Lemma 2.4, [TCq, 1H0] Q ker if and we have an induced map 7£o —>• M, 
which we still denote by 0. 

On the other hand, we have a well-defined Z-linear map 0 : M —> “Kq 
which sends [E] to Ts- It is easy to see that 0 o 0 is the identity map. 

In particular, 0 is injective. By Proposition 2.3, 0 is also surjective. 

Thus 0 is an isomorphism. 


3. Standard pairs 

3.1. Let n 0 = JJW 0 . For any w G W, w n ° = t x for some A G X. We 
set Uyj = A /no G Xq and pi £ X^ the unique dominant element in 
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the W- Q-orbit of Vy,. It is easy to see that the map W —> V, w (->• Py, is 
constant on each conjugacy class of W. 

We say that an element w E W is straight if £{w n ) = n£(w ) for any 
n E N. By [6, Lemma 1.1], w is straight if and only if C.(w) = (P^, 2p v ), 
where p is the half sum of positive coroots. A conjugacy class that 
contains a straight element is called a straight conjugacy class. 

It is proved in [9, Proposition 2.8] that for each cyclic-shift class in 
hP m in, we have some representatives as follows. 

Proposition 3.1. For any w E li-'j nin , there exists a subset K C S a ff 
with Wk finite, a straight element y E K W K with yKy~ l = K and 
an element w E Wk such that w^wy. Here Wk C W a ff denotes the 
subgroup generated by reflections of K. 

3.2. In the situation of Proposition 3.1, we call wy a standard repre¬ 
sentative of the cyclic-shift class of w. By [6, Proposition 2.2], Py, = 
v W y = u y . The expression of standard representative relates each conju¬ 
gacy class of W with a straight conjugacy class. It plays an important 
role in the study of combinatorial properties of conjugacy classes of 
affine Weyl groups [9], cr-conjugacy classes of p-adic groups [5] and 
representations of affine Hecke algebras with nonzero parameters [3]. 

However, for a given cyclic-shift class in IP m i n , the standard repre¬ 
sentatives are in general, not unique. This leads to some difficulty in 
understanding the cyclic-shift classes in Wm in and their relations to the 
representations of CK 0 . 

3.3. To overcome the difficulty, we introduce the standard pairs as 
follows. 

Let wy be a standard representative as above. Then the conjugation 
by y sends simple reflections in supp (w) to simple reflections. Set 
K = Uj 6 Np*supp(w)p _l . It is easy to see that K is the smallest subset 
of S'a// that yKy~ l = K and y E K W K . 

Set J = J Py . Let z E J ITo with z(u y ) = P y . Set x = zyz~ l and 
T = zKz -1 . Then Y C J a jf by noticing that zCq C Cj (see §1.2 and 
§1.5). 

It is easy to see that v x = u y E Xq , fWfi < +cxd and xYx 1 = T. We 
say that (x, T) is a standard pair associated to (the cyclic-shift class 
of) w. 

Remark. There might be more than one standard pairs associated to a 
given cyclic-shift class. However, we will see by Theorem 4.4 that all 
these standard pairs are equivalent. Here we say two standard pairs 
(x, T) and (x', T') are equivalent if x — x' and T' = wYu~ l for some 
c o E Ylj . 



COCENTERS AND REPRESENTATIONS OF AFFINE 0-HECKE ALGEBRAS 9 


Lemma 3.2. Letwy be a standard representative and K = Ui S Ni/ ? supp(iT)i/ * 
Then for n> 0, 

rpn _ / -i \n£(w)—£(wx) r ji 

1 wy ~ \ l ) 1 w K y n , 

where wk is the maximal element in Wk- 

Remark. Note that wkH 11 ^ ( wy) n . However, we may regard wkV n as 
the n-th Demazure product of wy. 

Proof. Let 5 be the automorphism on Wk induced by the conjuga¬ 
tion action of y. Let m be the order of the element wS in Wk x (8). 

By [8, Corollary 5.5], T W 5(T W ) • • -8 m ~ l {T w ) = T WK T W1 ■ ■ ■ T W] for some 
Wi, ■ ■ ■ , Wi G Wk with £{wf) + • • • + £{wf) = m£(w) — £{wk)- Thus for 
any n ^ m, 


T 8(T ) ■ ■ ■ 8 n ~ 1 (T ) = T T 

- L W U \- L W) u ^ W K ^ ^ l 


T Wl S m (T w )---S n ~\T w 

_ ^ )+i{wi)+{n—m)(.{w)rp 


-w K 


-W K - 


Here the second equality follows from the definition of 0-Hecke alge¬ 
bras (as T Wk T x = (— 1)R x '>T Wk for any x G Wk)- Since y is a straight 
element, Tff y = T W 8(T W ) ■ ■ ■ 8 n ~ l (T w )T y = (-1 Y^-^T WK Tff = 
(_1 ) n e(w)-e(w K ) TwKyn . □ 


The following result is a variation of the length formula in [10]. 
Lemma 3.3. For w G Wo and a G R, set 


8 W (o) 


0, if wa G R + ; 
1, if wa G R~. 


Then for any x, y G Wq and y G X, we have that 

£(xt fl y) = ^ \{h,Oi v ) + 8 x (a) - 8 y -i(a)\. 

a£R+ 

Proposition 3.4. Let (x, T) be a standard pair. Then 

(1) for n » 0 and u G Jvx W Q , £(u~ 1 w r x n u) = £(w r x n ). 

(2) for n S> 0, £(wrx n+n °) = £(wrx n ) + £{x n °), where n 0 = j}W 0 . 
Here wr G Hr C (Wj) a ff is the unique element with maximal length 

with respect to £j. 

Proof. Set J = J Ux . We have wrx 11 = t x w for some A G X and w G Wj. 
Since (u x , a v ) > 0 for any a G F 0 \ J, we have (A, a v ) > 0 for any 
a G R + \ Rj as n S> 0. 
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Notice that for a E Rj, S u - i( a ) = S a . Now 
^u^wr'X 71 ^ = |(A, a v ) + 8 u -i(a) — 5 u -i^-i(a)| 

aeR+ 

— | (A, a v ) — <5 u ,-i(a)| + |(A, a v ) + S u -i(a) — 5 u -i u ,-i(q;)| 

a&Rj aeR+\Rj 

— |(A,a v ) — 5iu-i(a)| + ((A,a v ) + 5 u -i(a) — S u -i w -i(a)) 

aSRj aeR+\Rj 

= X | (A, a v ) — <5. u ,-i(a)| + X (A, a v ) + jj{a G i? + \ Rj, u^ 1 {a) G 

aeRj aeR+xRj 

— j}{a G i? + \ i?j, w _1 w _1 (a) G R~ } 

= X | (A, a v ) - <5^,-1 (a) | + X (A, a v ) + £(w) - £{u) 

aSRj aSR+xRj 

— X |(A, a v ) — 5 w -i(a)| + X (A, a v ). 

aSRj aeR+\Rj 

This proves part (1). 

For part (2), 

£(w r x n+no ) = X |(A + n 0 Pr,a v )-<S 1u -i(a)| 

aSR+ 

= X! K-^ + Ro^x,a v ) - 5 w -i(a)| + X (A + n 0 u x ,a w ) 

a£Rj agR+\Rj 

= X K-^’ aV ) _5 «’- i ( a )i + X (-^)« V )+ X { n o u x ,« v ) 

aSRj aeR+\Rj aeR+\Rj 

= £(tcr^ n ) + ^(aT 0 ). 


□ 


As a consequence, we have 

Corollary 3.5. Let (x, T) be a standard pair associated to the stan¬ 
dard representative wy and K = U iG Nl/ i supp(R;)i/ _ *. Then for n 3> 0, 
wr x n &WKy n - 

Proof. Suppose that z = s\ ■ ■ ■ Sk for si, • • • ,Sk G Sq. Set 2* = si • • • s* 
for 1 ^ i ^ k. Then Zi G Jvx Wq. By Proposition 3.4 (1), £(zf 1 wrx n z i ) = 
£(z~^: 1 wrx n Zi + i) for 0 ^ i ^ k — 1. Hence zf 1 wrx n z l ^szf+ l wrx n Zi + \ for 
0 ^ i ^ k — 1. Therefore wrx n Az~ l 'Wrx n z = wxy n ■ □ 

Now we show that the character of Ty, for w G W min is determined 
by standard pairs associated to w. 
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Proposition 3.6. Let w G W m i n and (x, T) be a standard pair associ¬ 
ated to w. Then for n » 0, 

Tr(T%, tt ) = (-1 ) n ^- n ^-^Tr(T WTX u,Tr) 

for any i r G i?(D-C 0 )k- 

Proof. Let wy be a standard representative of w. Then wy&nl) and by 
definition, T™ y — T™ G [!K 0 ,!Ko] for any m ^ 0. By Lemma 3.2 and 
Lemma 3.5, for n S> 0, 

Ky = (-1 ) n ^~^T WK yn G (-1 ) n ^~^ WK) T WvX n + [H 0 ,M 0 ]. 

Notice that l(w) = l(w) — l(y) = l(w) — I(x) mod 2 and I(w K ) = 
l{w T ) mod 2. Thus Tff G {-l) n ^- n ^~^T wvx n + [TC 0 ,TC 0 ]. □ 

Corollary 3.7. Let w, w' G W m in such that there is a common standard 
pair associated to them. Then Tr(Tb, n) = Tr(Ty,^ n) for any n G 
L2(TC 0 )k- 

Remark. Notice that elements in different conjugacy classes may have 
the same standard pair. 

Proof. By Proposition 3.6, Tr(T£, n) = TV(T?,,7t) for n 3> 0. Thus 
the action of Ty, and Tyy on n have the same generalized eigenvalues 
with the same multiplications. Therefore TV(Tb,7r) = Tr(T^/, n). □ 


4. Character formulas 

4.1. Let M G i?(TC 0 )k- For any J C F 0 , we set Mj = n\<zx+{j)T t \M. 
Since M is a linear combination of finite dimensional vector spaces, 
there exists p G A" + (J) such that Mj — T t v, M. Moreover, since the 
action of T t \ on Mj is invertible for any A G A" + ( J), we may regard Mj 
as an TCj 0 -module. For T C J a //, let f2j(T) = {r G fl^rTr -1 = T} 
and Mjy = Tf r Mj. Then M jr is an Qj(T)-module. 

Lemma 4.1. Let w G W m j n with an associated standard pair ( x , T) and 
M G i?(TC 0 )k- Then for n S> 0, 

Tr(T?,M) = (—1) n Rw)-ni{x)p r ( (T ^ Vx ) n , M Jux>r ). 

In particular, Tr(Tb,M) = (-l) < W“ < WTr(r/‘' 1 , 

Proof. Set J = J Ux . Let fi G A" + (J) with Mj = T t ^M. Notice that 
n 0 u x G A" + (J), where n 0 = #W 0 . There exists rri G N such that 
'mn 0 u x — p G A" + (J). By Proposition 3.4 (2), for n S> 0, £(w r x n+mn °) = 
£(w v x n ) + £(t mn « v *) = £(w r x n ) + £(t mn °^-^) + £(C) and 


T Wr x n + mn o 


T 

1 w r x n 


T 


frnnQV X —pL 


Ttn. 
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Moreover, for n 3> 0, wrx n+mno £ Wj and T WrX n+mn 0 = T^ xn+rnnQ . 
Since 0 —> ker (T^ : M —> M) —> M —> Mj —> 0, we have 

TT(T WTX n+mn 0 , M) = TV (T WvX nT t mn 0 u x -^T tt i , Mj) = Tr(T wrx n+mn 0 , Mj) 

= Tr (T w ^ x n+mn 0 , Mj ) . 

Notice that Tj ra , n+m „ 0 = Tf r (Tf) n+mn ° = (Tf) n+mn °Tf r . Since 0 -A 
ker (T wr : Mj -A Mj ) -A Mj -A M JX -A 0, we have Tr(T^ xn+mno , Mj) = 
Tr((T x ) n+mno T^ r , Mj) = (-1 yjMTr{{TJ) n ,M J>r ). 

By Proposition 3.6, Tr(Tf n M) = (—1 ) n ^ w )~ ne ( x '>Tr((Tx , ' x ) n , M jr ). 

The “in particular” part follows from the proof of Corollary 3.7. □ 

The following result is proved by Ollivier in [13, Proposition 5.2], 

Lemma 4.2. Let J C F 0 and M £ i?(TCyo)k- Then TCo <8),y+ M — 
© deW -jT d <8) M = ©d e m 0 jt ^d © M as vector spaces. 

Corollary 4.3. Let J\ C J 2 C F 0 and M £ i?(TCj 1;0 )k. Then 
TC 0 ©*+ (1Kj 2 ,o ©*+ M) = TC 0 ©*+ M. 

J2,0 Ji,0 Ji,0 

4.2. Inspired by Lemma 4.1, we construct some representations of “Ko. 
For J C F 0 and T C J a jj, we set TCj j0 (r) = ‘LCjp * ^j(r). This is 

the subalgebra of Kj : o generated by T/ for s £ J a // and flj(r). 

Let y £ flj(r) v = Homz(Oj(r), k x ). We extend y as the 1-dimensional 
TCj j 0 (r)-module, where T/ acts by —1 if s £ T and by 0 if s £ J a // \ T. 
Set 

71 J, r,x = ©4c+ 0 &Cj t0 ©Mj i0 (r) X)- 

4.3. Let N = {(J, T); J C F 0 ,T C J a //,j}ITr < +oo}. We define an 
equivalence relation ~ and a partial order < on H as follows. Let 
(J,r),(J',r') £ K. We say that (J,T) ~ (J',r') if J = J' and T' = 
iTr -1 for some r £ flj. We say that (J, T) < (./', T') either J © J’ or 
J = J' and T © tT't _1 for some r £ flj. 

It is easy to see that for (J, T) £ K, x £ flj(r) v and r £ h2j, we have 
h2j(rrr _1 ) = rr2j(r)r _1 and y o Ad(r _1 ) £ flj(rPr _1 ) v . Moreover, 
7r.j.r,x an d 7Tj,r', X oAd(r- 1 ) are isomorphic as TC 0 -modules. 

The main result of this section is 

Theorem 4.4. Let (J, T) £ H and y £ flj(r) v . Let w £ W m \ n with 
associated standard pair (x, T'). Then 

(1) If J % Ju x , then Tr(Tyj,n JXa ) = 0 . 

(2) If J = J Ux and x ^ flj(r), then Tr(T^,Tij^,x) — 0. 

(3) If J = J Ux and x £ then 

Tr{Tyj, 7Tj,r,x) = (-l) <( ” HW yW#{r G C T}. 
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Proof. Set J' = J Vx and M = ^.io^ Jo{r )X- Then 7r JXa = ® d&W j b T d ® 
M as vector spaces and M = © T enj/nj(r)kT/for any nonzero vector 
v in the 1-dimensional representation \ of TCj ; o(r). By Proposition 3.6, 
to compute the character of T&, it suffices to compute the character of 
T wrx n for u>0. 

Let Ti] G N such that ri\u x G Z Rj. Set A = n\v x . 

(1) We first consider the case where J <2 J' • By Proposition 3.4 (2), 
for n S> 0, T WrlX n+n 1 = T Wv , x nT t a. By definition, for s G So, 


T t PT s 


Thus for d G W 0 J , 

(a) T t \ L T d 


L T s T t a, if s G J'; 

0 , otherwise. 

L T d T t », if deWjr, 
0 , otherwise. 


Moreover, in M we have T t x(T x ® v) = T t i(T r J ® v) = Tf ® (T^_i t \ T v). 

By definition, for u G (f'Pj) a // x Qj, T~v f 0 if and only if u G 
Wr x fij(r). In particular, (i/„, a v ) = 0 for any a G Rj. Note that 
u T ~i t \ T = w{y t \) = ri\w(v x ) for some w G Wj. Since J % J 1 , there 
exists (3 G Rj such that (v x ,f3 v ) f 0. Therefore (v T -i t \ T ,w(/3 w )) f 0 
and T^_ i x v = 0. Hence Tr(T WrX n+n 1 ,TCj roc ) = 0 for n S> 0. By 
Proposition 3.6, Tr(T? +ni , nj,r, x ) = 0 for n 3> 0. By Corollary 3.7, 
Tr(Tyj, nj,r,x) = °- 

(2) Now we consider the case where J = J'. By (a), for n S> 0, 
T Wr , X 'niijx. x C M. Applying Lemma 4.1, we have Tr(Tfi,irj t r jX ) = 
(-1 yw-e(x) Tr ( T J, Tf v M). 

We fix a representative for each coset Hj/f2j(r). Then {Tf G 

Hj/Hj(r)} is a basis of M. For x G Qj, the action of Tf on M 
permutes the lines k(T r 7 ®u) with r G Moreover, the action 

of T^ r/ stabilizes each line k(T/ <£>v). If x ^ Oj(r), then there is no line 
k(T r J ®v) stabilized by T x since f 1j is abelian. Hence Tr (T dl , 7 rj,r,x) = 0 
in this case. 

If x G fij(r), then for any r G Tf(Tf ® v) = x(x)Tf <g) v 

and 


K,(T t j ®v) 


T J <g) T J v = 

T W W T - lr , T C 


(-1 yj( w r') T J (g) Vj 

0, 


if r _1 r / r c r ; 

otherwise. 


Therefore, dim (T^M) = jj{r G Hj/f2j(r);r W'r CT} and 
Tr(T$, = (-1) <( * ) -' ( *> x (i) dim^M) 

= 6 f!.,/f!.,(r)iT-‘rv c r}. 


The proof is finished. 


□ 
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Corollary 4.5. Let (J, T) G N and x G Rj(T) v . Let w) G ll-'min with a 
standard pair (x', T'). IfTr(Tyj,7rj i r a ) 7 ^ 0, then (J, T) ^ (J^,, T'). 

5. Representations of fK 0 
Now we prove Theorem 0.2. 

5.1. We first show that { 7 ryr iX ; (J, T) G K/ ~, x G Rj(T) v } is linearly 
independent in R(TC 0 )k- 

Suppose that E(jr x ) aj L,x' K J, r,x = 0 f° r some a J,r,\ G Z. 

Let (Ji,Ti) G N/ ~ be a minimal element such that «j,r, x 7 ^ 0 for 
some y G flj(T) v . Set flj(T) + = {x G Rj; z/ x G A^}. It is easy to see 
that Rj(T) + generates flj(T). 

By Theorem 4.4, for any n > 0 and x G flj 1 (T 1 ) + , 

E aj X , x Tr(T wriX ,,7rj, r , x )= E = 0 

WDx) xeOj-prpv 

Therefore E x gOj (ir) v a Ji,ri,xX( x ) = 0- By Dedekind’s lemma, aj^r^x 
0 for all x ^ Dji(Ti) v . That is a contradiction. Hence «jr x = 0 for all 

(J, r,x)- 

5.2. Next we show that {7ryr, x ; (J, T) G d/ ~,X e ^j( r ) V } spans 
R(d4o)k- 

For any M G R(TC 0 )k, let N(M) be the set of pairs (J Vx ,T) in N/ ~ 
such that Tr(Tyj,M) ^ o for some w G W m j n with an associated stan¬ 
dard pair (x, T). 

We argue by induction on minimal elements in K(M). 

If N(M) = 0, then Tr(T^,M) = 0 for all tu G IR m in- By Theorem 
0.1, Tr(h, M) = 0 for all h G TCo- Hence M = 0. 

Now suppose that N(M) 7 ^ 0. Let (J, T) be a minimal element in 
K(M). We regard Mjp as a virtual Qj(F)-rnodule. Therefore Mjy = 
E x en ; (r) v a xX f° r some a x G Z. We write f/yr for the TC 0 -module 
E xef , ;( r)v a x 7 r J,r,x- By Lemma 4.1 and Theorem 4.4, for any w G W min 
with an associated standard pair (x,T) G N/ ~ such that J Vx = J, we 
have 

(a) Tr(Tyj, M) = (-1 )^)-^Tr(x, Mj, r ) = Tr(T*, U JX ). 

Let (Ji, Ti), • • • , (J r , T r ) be the set of all minimal elements in K(M). 
Set 

r 

M’ = M - E Cj.x,. 

2=1 

By (a) and Corollary 4.5, if w' G Il'min, with an associated stan¬ 
dard pair (x', T'), satisfies Tr(T^,M') 7 ^ 0, then (J^,,T 7 ) > (Jj,Tj) 
for some i. By inductive hypothesis, M' is a linear combination of 
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{7r,/r x ; (J, T) G H/ G fij(T) v }. So M is a linear combination of 

{vr ^(J.HgK/ ~,xeO ; (r) v }. 

5.3. Motivated by [3], we introduce rigid modules of “K 0 . Recall that 
T s for E G Cyc(W / min ), form a basis of dt 0 . Set 

^0 = ©SeCyc(IF min ),J, E =Fo Z7 S, 

^0 = ©SeCyclI^ninJ.J^CFo^S- 

——rip ——nrig 

We call dfo the rigid part of the cocenter and D4o the non-rigid 
part of the cocenter. 

Let M G _R(!Ho)k- We say M is rigid if Tr(TC 0 , M) = 0. 

Proposition 5.1. Let M G i?(fR 0 )k- Then M is rigid if and only if 
M G ©(F 0 ,r)eH/~,xeo(r) v Z7rp’ 0! p iX . 

Remark. By Clifford’s theory, the !Ko-modules 7 Tf 0 p x f° r (-Fo,r) G 
rs./ and x G h2(T) v are distinct simple modules. 

Proof. By Theorem 4.4, t^f 0 ,v,x i s rigid. On the other hand, assume 

M = E(j,r)6N/~ )X enj(r)v aj,r, x ^J,r,x with each a J, r,x e Z - Let ( J, ,r') 
be a minimal element such that aj',r'> X ' ^ 0 for some x' G Oj'(r') v . 
By the same argument as in §5.2, we see that Tr(T Wr , t », M) ^ 0 for 
some n G X + (J'). Hence M is nonrigid unless J' = F 0 , that is, M G 

©(Fo,r)eH/~,xen(r) v ^F 0 ,r,x- 

□ 


5.4. Let w = wt x G W with A G X and w G W 0 . Write A = Hi — /i 2 
with Hi, n 2 G X + . Following Vigneras, we define 


T?- — n W^ 2 )-(-Lll)-l{w)+t{w))rp rp-l nr 


qi 


which dose not depend on the choices of Hi an d H 2 - We still denote by 
Eyj its image in dt 0 . By [17], the set { E , 7) ; w G W} forms a basis of ff£ 0 . 


Lemma 5.2. Let x,y E W with £(x) ^ £(y)- Then 

Q TyT^_l e (®zew,e(z)2l{e(y)-e(x)+e{yx)XX) + qZlq]Hg, 


Proof. We prove the first statement. The second one can be proved in 
the same way. 

We argue by induction on £{x). If £(x) = 0, then statement is ob¬ 
vious. Assume £(x) 1 and the statement holds for any x' with 

£{x') < £{x). Let s G S a ff such that sx < x. 

If ys < y, then 


qk(R x )-Ry)+Ry x )) x y T-\ = qkW ax )- i (v 3 )+i(v ssx )) r [' t 


-i 

y s± (sir) -1 
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and £(y) — £(x) + £(yx) = £(ys)—£(sx)+£(yssx). The statement follows 
from induction hypothesis. 

If ys > y, then 

\(e.{x)-t{y)+(.{yx)) r p rp-l _ Ul(sx)-i(ys)+t(yx))rp rp -1 
^ ± y~ L : r —1 ^ ± V s (sx )~ 1 

+ _ q)T y T ( ~p_ 1 . 

By inductive hypothesis, 

e («»»•,, w> 


Let a be the simple root associated to s and f3 = x~ l {a). Then 
(3 < 0 since sx < x and yx(/3) = y(ot) > 0 since ys > y. Hence 
ysx = yxsy < yx. Therefore, £(ysx) ^ £(yx) — 1 and £(sx) — £(y) + 
£{yx) — 1 ^ £{sx) — £(y) + £(ysx). 

If £(ysx) < £{yx) — 1, then £(sx) — £(y) + £{yx) — 1 > £(sx ) — £(y) + 
£(ysx) and by inductive hypothesis, q^(R sx ')~ e (yl +e (y x )~ 1 '>^l—q'jT y Tf s \_ 1 £ 

qTjlql’Kg and the statement holds in this case. 

If £(ysx) = £{yx) — 1, then £{y) —£(x) + £(yx) = £(y) — £(sx) + £(ysx) 
and by inductive hypothesis, 


q l(t{sx)-t{y)+i(yx)-l) ^ _ q ) TyT - 1 ) _ 1 


(®z£W,£(z)^^(£(y)—t(sx)+(.{ysx))^‘ r ^'^) QT*[q\TCq 

z^W ,t{z)^\{i{y)-t(x)+t{yx))^z) + 


The statement also holds in this case. 


□ 


Corollary 5.3. Let T C S a ff with §Wr < oo and w £ W with £(w) > 
2#Wr. Then in TCq, 

Ey, £ ® ze w,supp(z)^r^T z or E& £ ® z£ \Y Supp ^ z ^ r Tj , 'T z . 

Proof. By definition, Ey, = qlWx) i(,y)+£(yx)) j^_i f or some y £ 

W such that yx = w. Applying Lemma 5.2, we see that Ey, £ 

®zeW Az) >W^ Tz ^ x ) ^ Ky) an< ^ Ew £ © ze w A z)>iWr'^ jir ^ z ^ ^y) ^ 

£{x). The statement follows by noticing that supp(z) ^ T if £(z) > 

$W r . □ 


Proposition 5.4. Let M £ R(TC 0 ). The following conditions are equiv¬ 
alent: 

(1) Ey,M = 0 for w £ W with £(w) S> 0. 

——nss ——nss ——nrig ——nrig 

(2) Tr(TC 0 , M) — 0, where "K 0 = TC 0 + t(0i o ). 

(3) M £ ©(F 0 ,r),(Fo,Fo\r)eN,xef2F 0 (r) v Z7r Foi r, x . 

Remark. Condition (1) is the one of the equivalent definitions of super¬ 
singular modules due to Ollivier [14, Proposition 5.4] and Vigneras [20, 
Definition 6.10]. The equivalence between (1) and (3) was also proved 
in [14, Theorem 5.14] and in [20, Theorem 6.18]. 
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Proof. (1) (2). Let w G IL L in such that J u ~ ^ F 0 . Let (x,r) be a 

standard pair associated to w. Choose n 0 , m 0 G Z >0 such that Uqu x £ 

X + and wrx m ° G Wj. Then £(wrx mo+r+kn °) = i(w F x m ° +r ) + £{x kn °) 
for k G N and 0 ^ r ^ no — 1. Thus C , u , ra: ™o+'-+f=™o = T WrX m 0 + r E x k no . 

By assumption, we have T WrX nM = 0 for n 3> 0. Applying Proposition 
3.6, Tr(T?,M) = ±Tr(T WrX n, Ad) = 0 and hence TV(Tb,M) = 0. The 
equality TrifT^-i,M) = 0 follows in a similar way by noticing that 
L T x ~kn 0 = E x ~kn 0 for k G N. 

(2) (3). By Proposition 5.1, Ad and its pullback L Ad via i lie in 
the Z-span of {7TF 0i r, x ; (Co, T) G K, x G 0(r) v }. By definition r, x = 
7T/7 0) 5 affN r, x - Thus M also lies in the Z-span of {vri? 0i r, x ; (Co, T C S^ff) G 

K, y G 0(r) v }. Therefore, Ad lies in the Z-span of {7 Tf 0 r x ; (Co, T), (F 0 , F 0 \ 
r) G K,x G 0(r) v }. 

(3) ^ (1)._ Let T C S aff . By definition, T x n Fo ,r, x = L T x n FoTa = 0 

for any x G W such that supp(x) ^ V and supp(x) ^ ,5' a // \ T. Assume 
tIL'r, t'II / s , a// \r < Too. Applying Corollary 5.3, E Fi ti Fo y x = 0 for w G 
W with £(w) > 2^ r , nWs^r- □ 
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